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This paper describes an inertial measurement unit based on three dry tuned gyroscopes, two of which are
unbalanced. This configuration, without the three usual accelerometers, leads to savings in space, weight, and
cost that are necessary in guidance systems for agile missiles. Design objectives are wideband estimation of
angular rate and linear acceleration applied to the inertial measurement unit together with high stiffness of
caging loops. The contribution of this paper is to show how to address the coupled high-frequency dynamics of
the six measurement outputs of the system, by applying the so-called linear quadratic Gaussian technique. First
the linearized model of the rotor motion of each dry-tuned gyroscope is derived from a mechanical analysis.
Then the design of the controller/estimator is described. Performances are illustrated with test data.

Nomenclature

[a] = 3 x 3 diagonal matrix
where #/ are real numbers

#i 0 0
0 02 0
0 0 a3

DI = rotor windage damping coefficient for gyro-
scope i

F = difference between the absolute linear acceleration
of the inertial measurement unit and the gravity
acceleration in the X, Y,Z frame
/
/2

/
fi = projection of F on the input plane x/, yf of gyroscope

/ ( / = !,2,3)
// = mean radial moment of the rotor of gyroscope i
In = n -dimensional identity matrix
Izi - principal moment of inertia of the rotor about the

Zt axis

J = in quadrature matrix used in gyroscope
[0 -llequations, = 1 1

Kqi = rotor-to-case lift torque coefficient for gyro-
scope /

Ktf = residual stiffness of flexures for gyroscope /
Nj = angular velocity of the motor shaft relative to the

casing, about z\ axis
PI = rotor pendulosity along spin axis for gyroscope /
X, Y,Z = axes of the reference frame of the inertial mea-

surement unit
Xi,yi,Zi = axes of the reference frame of gyroscope /

(/ = 1,2,3), X{ and yf being the two input axes,
and Zi the spin axis

= angular position of the rotor relative to the case,
about Xj and yf axes for gyroscope / (/ = 1,2,3)
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= nutation frequency for gyroscope /,
: maximum singular value of the matrix A, which
is also the spectral norm of A

•• absolute angular rate of the inertial measurement
unit, in the X, Y,Z frame

HOOKE'S JOINT SUSPENSION

\

cocl

wc/ = angular velocity such that, for gyroscope /,
the projection on the input plane */, y-t of the
torque applied to the rotor is - IziNiJuci
(/ = 1,2,3)

co, = projection of Q on the input plane */, yf of
gyroscope / (/ = 1,2,3)

(x) = Kronecker product of matrices. Let A be p x q
and B be r x 5- :A (g) B is pr x qs and has p x q
partitions. The /-./partition is Afj - B

Introduction

A FAMILY of strapdown inertial measurement units
(IMUs) for angular rate and acceleration measurements

has been developed. It answers the needs for miniature wide-
band attitude and navigation systems for missile guidance. For
reasons of size, weight, and cost, the only sensors used in these
systems are three dry tuned gyroscopes (DTGs), two of which
are unbalanced (UDTG), instead of three accelerometers and
two balanced DTGs.

Design objectives are wideband estimation of angular rate
and linear acceleration applied to the IMU together with high
stiffness of caging loops. The contribution of this paper is to
show how to address the coupled high-frequency dynamics of
the six measurement outputs of the system by applying the
so-called linear quadratic Gaussian (LQG) technique.

Because of their small size and low price, high-speed mi-
croprocessors have made it possible to choose this digital
technique. Earlier work1 on the design of a digital servo-con-
trol loop for a gyro led to problems of robustness due to para-
meter variations. More recently, Riberio2 proposed a LQG
control for a similar gyroscope, using a simplified mode. Both
studies assumed that gyro angular rate is proportional to
controller torque, which is not the case during fast variations
of angular rate. The LQG control described in this section is
based on a more sophisticated model inspired by Craig3 that
takes into account the multivariable nature and high-fre-
quency dynamics (from dc to nutation) of each UDTG. In
contrast to previous studies, our estimator is based on a
stochastic model of angular rate and linear acceleration in-
stead of being taken proportional to controller torques.2 Thus,
the bandwidth of the estimator is greater than the bandwidth
of the closed loop.

The organization of the paper is the following. The UDTG
is first described, then the principle of acceleration and angu-
lar rate measurement is presented and followed by a detailed
description of the LQG estimation and control design. Finally,
performances are illustrated with test data and discussed.

Model of the Unbalanced Dry Tuned Gyroscope
Each gyroscope used in the IMU is similar to the one pre-

sented in Fig. 1. It has a diameter of about 3 cm. The main
components are as follows:

l)The drive motor, a two-phase, synchronous hysteresis

MOTOR ROTOR

Fig. 1 Cross section of a dry-tuned gyro.

type, spins the rotor, at a high angular velocity N( ± 250
revolutions/s).

2) The suspension is a Hooke's joint containing one gimbal
connected to the rotor, on one side, and the motor shaft by
two orthogonal elastic hinges, on the other side. The rotor is
then free to rotate about these two axes. The spring rate of the
flexure is dynamically tuned to nearly zero. Perfect adjust-
ment is not necessary because the model takes into account the
residual stiffness.

3) The rotor c.m. is chosen distinct from the center of
torsional support (unbalanced gyro). This rotor axial pendu-
losity is responsible for its sensitivity to linear acceleration
inputs.

4) The inductive pickoffs measure the rotor angular posi-
tion ft about the Jt/j>/ input axes.

5) Two magnetic torquers, oriented along these gyro input
axes, exert a moment on the rotor interpreted as an angular
rate coc/(0- In a forced-balance sensor like the present one, o>c/
is chosen so that the rotor follows the case motion, ft is the
regulation error. These torquers are powerful enough for
strapdown applications.

6) Because of the gas contained inside the case, an aerody-
namic moment as well as a clamping moment act on the rotor.

The method used by Craig3'4 for the case of UDTG leads to
the following equation of motion5:

ft

(1)

Principle of Angular Rate
and Acceleration Measurements

Each Ktf is made small by tuning the UDTG. Kqi and £>/ are
also made small by choosing a light gas. So v\ is the main
coefficient of Eq. (1).

First consider the classical DTG (P/ = 0) and suppose that
Nj (and so vf) is much greater than the bandwidth of o>/. In this
case, Eq. (1) can be simplified into

ft = wcl—o>, (2)

The principle of the forced-balance sensor consists in zeroing
the output ft with an appropriate control coc/ and so it appears
that a possible estimation of w/ is given by

w/ = coc/ (3)

which is identical to previously used estimators.1'3
Remaining in the case where P, = 0, let us suppose that the

bandwidth of co/ is comparable to TV/. The estimation given by
Eq. (3) is no longer sufficient because ft is no longer negligi-
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ble, as the nearly undamped nutation frequency is being ex-
cited. In this case it is possible, as we will show later, to use the
more complete model of Eq. (1) to improve the estimation of
Eq. (3).

Now let us see why the principle of forced-balance sensor is
still valid for a system of three UDTGs.

Equation (1) for / = 1,2,3 can be rewritten into a higher
dimensional matrix equation:

- [„] (x) J )# + ([„] ® 72) • ([jy ® 72

and finally

- [Kq}®J)& = -co + - (co - coc)

(4)

The true inputs of this model are coc and fi, which lead to
expressing w,/as functions of Q. Figure 2 shows the relations
between the reference frame of each gyroscope and the refer-
ence frame of the system:

(5)

Relations between a;,/ and 0 are deduced:

« - «c) + (M • [p]) ® (7 • 72)/

The right member of Eq. (4) can now be rewritten:

E= -ob + ([

= -o> + (|

where
Pi = ~ (/V

The mixed rule product of Kronecker algebra9

(A ®B) • (C(x)7)) = (A • C)® (5 -7))
as soon as the usual products A • C and
B • D are defined

leads to

E = - w + ([y] ® y)(w - wc) + ([*>] ® y) • ([/
= -co + ([?] ® y) - [co + ([p] ® 72)/- o>c ]

Inverted
unbalanced

gyro. 1 k*i

Balanced
gyro. 3

Unbalanced
gyro. 2

Fig. 2 Definition of coordinate reference frames.

(6)

(7)

(8)

with

u=

(9)

(10)

As soon as U is invertible, the comparison of Eq. (4) and
Eq. (9) to Eq. (1) shows that the principle of forced-balance
sensors can be applied, a first estimation of fl being given by

(11)0 = U~luc

A key step is enforcing invertibility of U by choosing [p].
Splitting [p] ® 72 into four 3 x 3 blocks leads to

W®/2 =
Rl 0
0 R,

with

*i =

so that

h 0

73 -

(12)

(13)

(7is invertible as soon as Ri~R2 is invertible; that is to say,
as soon as p\ ^ p7 v/ 5^7, 1,7' = 1,2,3.

In that case

(14)

In the present realization, gyro 3 is chosen balanced and
gyro 2 is inverted relative to gyro 1 (N2 = —N\):

LQG Estimation and Control Design for the IMU
To improve this estimator (11), the proposed method takes

into account the high-frequency dynamics modeled by Eq. (4).
An estimation and a feedback control are requested:

Sampled noisy measurements y(k— 1), y(k—2), . . .are as-
sumed to be known at time k :

y(k) = (17)

where w is a six-dimensional discrete-time Gaussian white
noise, with covariance R.

The control ooc is chosen to minimize the following quad-
ratic loss function:

7ajc= lim -£ f £ \/3(k)\2 + q2\uc(k) - UQ(k)\2] (18)
"-00 77 (^Ar-O J

As usual, the control variable is penalized in order to limit the
feedback gains. Here, this penalization is chosen as the square
of the distance between the control and the static forced-bal-
ance control [cf. Eq. (11)].
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To solve this estimation and control problem, an augmented
state is introduced:

x -

with

vector of 18 real variables (19)

vector of 18 real variables

To eliminate static estimation errors, the stochastic model
of Q is chosen to be a random drift:

(20)

where *>n is a six-dimensional Gaussian white noise, indepen-
dent of w, with covariance

o
o

Equations (4), (9), and (20) are then discretized, leading to
the state equations:

x(k + 1) = Fx(k) v(k)

where v is a Gaussian white noise with covariance Q.
The observation is

y(k) = Hx(k) + w(k)

(21)

(22)

with // = (!, 0,0) <g)/6.
The solution of the estimation problem for x and so, in

particular for Q, is given by

(x(k = Fx(k) + Guc(k) + K[y(k) - Hx(k)}
E(x(k)\y(k- (23)

where K is the steady-state Kalman filter gain computed off
line via the solution of a Riccati equation associated with the
observable pair (F,H):

p = FPFt - FPH^HPH* + R)~ 1HPF< + Q (24)

K = FPH^HPH* + R)~l (25)

Applying the so-called separation principle of the LQG
theory,6 the solution of the control problem can be computed
assuming the knowledge of x and without noise. But 0 is
neither controllable nor observable through the quadratic cost
function J. A minimal realization is obtained by changing the
control variable wc into u:

Q (26)

and the state feedback of the whole system can be split into
three parts (one per gyro), so that the implementation can be
simplified. Let

u = (27)

so that Eqs. (21) and (22) are reduced to

(28)

f o r / = 1,2,3.
The quadratic loss function of Eq. (18) is then

J(u) = J2(u2) (29)

with the partial quadratic loss function associated with the
ith gyro

1

/ ) = lim -
"-00 n

The optimal control has the form

coc(A:) = L2x2(k)

(30)

(31)

where L/ are the steady-state optimal feedback gains computed
off line given the solution of the usual Riccati equations:

S, =

x

i + q2I2)~

i + Hi Hi (32)

(33)

By using the separation theorem of LQG control theory,6
we have, in the stochastic case

= UQ(k)- L2x2(k) = -Lx(k) (34)

where the estimates are given by Eq. (23). A block diagram of
the system is shown in Fig. 3.
Remarks

1) In the actual design, y is the output of a notch filter with
frequencies TV, 27V, 37V,.. . in order to suppress periodic noise
on the j8/ pickoff outputs.

2) It can also be shown that the regulator Jias an integral
action because of the model (20) chosen for Q.

3) In the actual design, static error models for the sensors,
including DTG biases and misalignment, have been taken into
account in the three DTG models to improve accuracy.7

Performance Results
Estimator Performances

A 2000-Hz sampling frequency fs was selected for the 6
input/6 output system. Figure 4 shows the estimator fre-
quency response for the X axis. The responses of other axes
are similar. The unity steady-state gain is verified. The gap
between measurements and simulation is mainly due to

Fig. 3 LQG control of three unbalanced gyroscopes.
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——— MEASUREMENT
——— SIMULATION

(dB) — aMAX(S), -CJMAX(T)

- 135

100 250 1000

Fig. 4 Bode plot for the estimator transfer function

turntable resonances above 60 Hz. The effect of the notch
filters at 250 Hz can be seen: the bandwidth cannot be greater
than the spin frequency. A 140-Hz bandwidth with less than 1
dB resonance is shown: more than half of the spin frequency
is achieved. This is twice the bandwidth of conventional imple-
mentations where the estimation o> is taken to be coc, thus
limiting the bandwidth of the estimator to that of the control
loop. In the proposed method, these two band widths are
distinct: stabilization error is used to improve the estimation.
Day-to-day drift is 10 deg/h and bias error is 3 mg with a
measurement range of 1000 deg/s and 100 g.

Feedback Performances
Feedback properties of the proposed design, e.g., distur-

bance rejection, stability margins, and sensitivity to model
errors, are now analyzed using multivariable techniques.
These properties are related to the Bode magnitude vs fre-
quency plots of the maximum singular values of the sensitivity
matrix S and of the closed-loop transfer matrix T. (The inverse
of S is also called the return difference matrix.) The state-
space representation of Eqs. (21), (23), and (34) is equivalent
to the following input-output representation:

Plant:

(35)

(36)

(37)

(38)

( with M = //(z/ig - F)~lGuc

Controller:

[with T = L(zlis - F + GL + KH)~1K

Disturbance model:

Sensors:
y =

where &R is the reference input; zero in the present case. This
leads to the closed-loop representation:

with
(39)

(40)

10

-10

-20
FREQUENCY (Hz)

10 100 1000

Fig. 5 Bode plots for amax(S) and ermax(r).

Quantitative measures of feedback properties are now given
by the following8:

Disturbance and noise attenuation:
max i i A M
O, w = 0 ^7 = amax(5)

max

Stability margin:
S and T are stable as soon as Vo>, with z = ej(*/fs

amax[A(Mr)(z)]<-
1

(41)

(42)

(43)

where the true value of MT' is related to the nominal value
MF by

MT' = [76 + A(MF)]Mr

Plant output sensitivity to plant variations:

amax(Ar) < amax(S) - amax(AM)

with

(44)

(45)

(46)

The Bode plots for amax(S) and amax(T) are given in Fig. 5, The
S plot shows that constant disturbances are exactly rejected,
and noise under 50 Hz is attenuated by an equivalent high-pass
second-order filter. The T plot shows that the worst stability
margin occurs at 160 Hz where the model is still 6f good
quality, so that Eq. (43) is satisfied. The stability margin
above 500 Hz is better than 6 dB. The 250-Hz sensor noise
(part of w) is strongly rejected by the notch filters.

Experiments show that the stiffness is three times gteater
than in the case of classical control and the sensor can stand
angular acceleration up to 60,000 deg/s2. This is made possible
because the control loop can be tuned, by choosing qy without
detuning the estimator. This last tuning is obtained by choos-
ing the covariance matrix of the noises v$.

Conclusions
The principle of a six-axis forced-balance sensor to measure

angular rate and acceleration is presented. This principle in-
volves using three dry tuned gyroscopes, two of which are
unbalanced. It is an alternative for inertial measurement units
based on two gyroscopes and three accelerometers. This leads
to savings in space, weight, and cost.

The bandwidth of this forced-balance sensor is improved by
using the outputs of detectors, a model taking into account the
coupled high-frequency dynamics and a linear quadratic
Gaussian estimator/controller. Details of the implementation
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along with performances are presented. The resulting angular
rate bandwidth is greater than half of the spin frequency.

Compared with classical inertial measurement units, accel-
eration precision is competitive and acceleration bandwidth is
smaller (half of the spin frequency). The whole performances
are nevertheless sufficient for guidance of agile missiles.
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